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The so called Telelateral Conformal Gravity (TCG) is a first order gauge theory describing inertia
as internal, scale invariant geometry. The Conformal Affine Theory (CAT) unifies other interactions
into TCG in a minimalistic scheme via an exact holographic gauge-gravity duality. In the three parts
of this Letter, the currently topical bimetric gravity models are obtained as non-inertial gauges in
the CAT, the geometrisation of electromagnetism by Hermann Weyl is brought to a completion, and
it is sketched how the rest of the Standard Model could result from the assumption of a light cone,
respectively. The radically intuitive CAT suggests the possibility of further transgressive unification
of sciences.
It can be argued that the operational significance of
the equivalence principle is that an observer may chart
the space with Cartesian coordinates.
In the conventional formulation originally due to Ein-
stein, it follows from the identification of the gravita-
tional and inertial mass, that the curvature of spacetime
disappears in a ”free fall”, that can be recovered by a co-
ordinate transformation that reduces the metric gµν to
1
ηµν .
The modern gauge perspective however allows equiva-
lent but alternative interpretations.
Teleparallel gravity arises naturally as a gauge theory
of the translation, where the spin connection sources in-
ertia [1]. In a frame where the metric becomes ηµν , the
gravitational force is exactly canceled by the inertia.
In the telelateral 2 gauge, gravity operates in the non-
metricity [6] sector of the larger symmetry, affinity [7].
The conventional picture is reversed in the way that a
physical spacetime is a priori geometrically trivial, but
however ”non-inertially” connected due to gravity, an as-
pect of internal geometry.
It was recently pointed out that the Weyl curvature
action becomes first order in the latter gauge [8]. Tele-
lateral Conformal Gravity (TCG) could thus be a unitary
and renormalisable theory. The metric gµν arising as an
integral of the connection Λ (vs being a potential for a
derivative force), the nonlocal [9] freezing of the bulk dy-
namics [10] and the thermodynamic nature of gravity [11]
1 We use the signature ηµν = (−1, 1, 1, 1), and the following nota-
tions for the indices in their respective spaces:
a, b = 0, ...,3 group ηab
A,B = 1, ...,15 FUNDAMENTAL hAB = f
M
ANf
N
BM
α, β = 0, ...,3 χωροχρο´νου fαβ , gµν , hµα, Gµα
a,b = 0, ...,3 meta δˆ(ab) .
2 A.k.a the ”symmetric teleparallel gravity” [2, 3], since the gauge
is torsionless but also teleparallel, i.e. curvature-free. Canoni-
cal projection to spacetime would be the Palatini variation [4, 5]
with the gµν set to ηµν . As the gravitational interaction is in-
ternalised, the connection does not preserve the flat metric.
become more apparent in the telelateral gauge.
The focus of this letter, however, is to describe how
the Conformally Affine Theory (CAT) corroborates the
rationale of TCG [8] by incorporating the rest of the nat-
ural symmetries within it. We are lead to contemplate
Special Relativity as a definition of time, in the sense
of a causal structure expressed in the algebra of the six
Lorentz generators Ωab = −Ωba,
[Ωab,Ωcd] = 2
(
ηd[aΩb]c − ηc[aΩb]d
)
, (1)
and General Relativity in essence as an invocation of
space, by the translation generators Ta,
[Ta,Ωbc] = 2ηa[bTc] , [K,Ta] = −Ta , (2)
with the dilatation K present in the conformal gauge
theory. In the CAT, time and space together with the
Standard Model of Particle Physics (SM) are implied by
the postulate of a null cone. The claim is that it is not
a coincidence that the background symmetry of the SM
(at high energies) is the same as the gauge symmetry of
the TCG, but a manifestation of a profound holography,
a circular reasoning built into the equations.
To be precise, the null cone is determined by the K
introduced above, and we will gauge3 also the special
conformal transformation Sa. The origin of spacetime
and its material contents is then the statement κ2 = 0,
c.f. (28), κK being the dilation in the fundamental con-
nection Λ.
We point attention to the similarity between the com-
mutation rules for the generators Ta in (2) and those for
Sa:
[Sa,Ωbc] = 2ηa[bSc] , [K,Sa] = Sa . (3)
3 On the gauging of the special orthogonal group (4,2), see e.g.
classic papers [12, 13], systematic presentations [14, 15] and cur-
rent developments [16, 17].
2It is understood that the special conformal transforma-
tion does not reside in the non-metricity sector of the
affinity together with the dilatation, but in an inhomoge-
neous sector as an oppositely-dilatating dual of the trans-
lation. The commutation of the two,
[Ta,Sb] = 2 (ηabK−Ωab) , (4)
produces the generators of the homogeneous sector.
The fundamental connection Λ, generated linearly by
the GA defined above, then entails the associated four
gauge potentials ΛA = {κ, ωab, σa, θa} as:
Λ = ΛAGA = κK+ ω
ab
Ωab + σ
a
Sa + θ
a
Ta . (5)
The relations (1,2,3,4) specify completely the non-
vanishing structure constants fABC of the Lie algebra,
[GA,GB] = f
C
ABGC , (6)
and we can determine the field strengths by the Maurer-
Cartan (de)construction (second application of which
would give the Bianchi identities) with the Λ-covariant
(exterior) derivative D:
K = Dκ = dκ+ σc ∧ θc , (7)
Ωab = Dωab = dωab + ωac ∧ ωcb + σ[a ∧ θb] , (8)
Sa = Dσa = dσa + ωac ∧ σc + κ ∧ σa , (9)
T a = Dθa = dθa + ωac ∧ θc − κ ∧ θa . (10)
To form an action for these two-forms we need to project
them into a spacetime.
SPACE
Now we have at hand two sets of translation gener-
ators, and can consider setting up spacetimes from the
various distinct metrics that emerge,
fαβ = ηabσ
a
ασ
b
β , gµν = ηabθ
a
µθ
b
ν , hµβ = ηabθ
a
(µσ
b
β) ,
(11)
and from the various volume elements d4V\a\\b\ that
can be formed by contracting the supposed spacetime
coordinate differentials (dxµdxνdxρdxσ) with the
ǫabcdθ
a
µθ
b
νθ
c
ρθ
d
σ and its generalisations as follows:
ǫabcdσ
aσbσcσd → d4V\f\\f\ : special
ǫabcdσ
aσbσcθd → d4V\f\\h\ : odd special
ǫabcdσ
aσbθcθd → d4V\f\\g\ = d4V\h\\h\ : partial
ǫabcdσ
aθbθcθd → d4V\g\\h\ : odd spatial
ǫabcdθ
aθbθcθd → d4V\g\\g\ : spatial .
We can introduce triads of tensor-valued two-forms
consisting of the various projections of the curvatures,
the simplest one being
k = /a/kαβ
(
d2V αβ\a\
)
, /a/kαβ = Kαβ . (12)
The planting the Lorentz field strength into different
area elements gives rise to a matrix rab of similar triads,
and the matrix can be projected to form tensor-valued
four-forms. We obtain three distinct such objects, which
are generalisations of the familiar Riemannian curvature
four-form:
rf = hγδhκλ(1/σ)
δ
b(1/σ)
λ
c
/a/Ωbcαβd
4V αβγκ\a\\f\ , (13a)
rg = gµρgνσ(1/θ)
ρ
b (1/θ)
σ
c
/a/Ωbcαβd
4V αβµν\a\\g\ , (13b)
rh = gµρfγδ(1/θ)
ρ
b (1/σ)
δ
c
/a/Ωbcαβd
4V αβµγ\a\\h\ . (13c)
For now, we assume that the torsional field strengths step
only into their own territory. The only non-vanishing
projections of (9) and (10) are then
s
a = σaγS
γ
αβd
2V αβ\f\ , t
a = θaµT
µ
ρσd
2V ρσ\g\ , (14)
where the components are
Sγαβ = 2(1/σ)
γ
a
(
σa[β,α] + ω
a
c[ασ
c
β]
)
− 2δµ[ακβ] , (15)
T µρσ = 2(1/θ)
µ
a
(
θa[σ,ρ] + ω
a
c[ρθ
c
σ]
)
+ 2δµ[ρκσ] . (16)
To be specify the summation over the bold indices, we
parameterise an underlying metric,
δˆab =

 a d cd b e
c e c

 , (17)
with five distinct components.
The four curvature terms in (12,13,14) can now be
combined into the general quadratic Lagrangian four-
form in a diagonal basis4,
L = /a//b/Ld4V\a\\b\ = k
2+αRr
2+m2Ss
2+m2T t
2 . (18)
Expanding in terms of the curvatures (12,13), we have
L = m2Ss
2 + αf
(
r
f
)2
+ aK2d4V\f\\f\
+ m2T t
2 + αg (r
g)
2
+ bK2d4V\g\\g\
+ αh
(
r
h
)2
+ 3cK2d4V\h\\h\
+ 2K2
(
dd4V\f\\g\ + ed
4V\f\\h\
)
, (19)
where
αf = αR (a+ b+ c)
2
, αg = αR (b+ 3c+ e+ d)
2
,
αh = 2αR (a+ b+ c) (b+ 3c+ e+ d) = 2
√
αfαg . (20)
4 The objects (12,13,14) are multiplied with the wedge product, so
that the 4-form components of (18) can be written
/a//b/L = /a/k ∧ /b/k⋆ + αRδˆceδˆdf
/a/
r
cd
∧
/b/
r
ef⋆
+ δcd
(
m2S
/a/
s
c /b/
s
d⋆ +m2T
/a/
t
c
∧
/b/
t
d⋆
)
.
3We can separate the post-Lorentzian part of the
spacetime-projected gauge curvatures in (13) as
/f/Ωαβγδ = Rfαβγδ +
1
2
(
fα[γhδ]β − fβ[γhδ]α
)
,(21a)
/g/Ωρσµν = Rgρσµν −
1
2
(
gρ[µhν]σ − gσ[µhν]ρ
)
,(21b)
/h/Ωµανβ = Rhµανβ −
1
2
(
hµ[νhβ]α − hα[νhβ]µ
)
,(21c)
where Raαβµν is the part of the curvature that vanishes
identically in the gauge ω = ∂ω = 0. We note that
the algebraic frame couplings can be rewritten in terms
of the symmetric polynomials of the metric determi-
nants: denoting det (hµν) = [h], det (hµαh
α
ν) = [h
2],
det
(
hµαh
αβhβν
)
= [h3], the post-Lorentzian contribu-
tions from (21) in (19) read
(
r
f
)2 ω → 0
= 6 [h] d4V\g\\g\ ≡ r1(h)V\g\\g\ , (22a)
(rg)
2 ω → 0
= 2
(
[h]
2 − [h2])d4V\g\\g\
≡ r2(h)V\g\\g\ , (22b)(
r
h
)2 ω → 0
=
(
[h]
3 − 3 [h] [h2]+ 2 [h3]) d4V\g\\g\
≡ r3(h)V\g\\g\ , (22c)
where the r1(h), r2(h) and r3(h) are the symmet-
ric polynomials. These represent the three non-trivial
dRGT/Hassan-Rosen terms that appear in the ghost-free
massive and bimetric models of gravity [18, 19], with
the canonical coefficients β1, β2, β3 respective to the
Einstein-Hilbert term when αR =
1
8 (mg/mT )
2, where
mg is the graviton mass parameter. The cosmological
constants, β0 and β5 would be given by a non-vanishing
expectation value κ2, but let us freeze the Weyl vector to
the classical value κµ = 0 and express the torsion invari-
ants in terms of the equivalent (up to a total integral)
metric Ricci scalars, to finally obtain:
I
ω,K → 0
= −
∫
d4x
√
−f m
2
S
2
Rf
−
∫
d4x
√−g
(
m2T
2
Rg − αR
3∑
n=1
βnrn(h)
)
,(23)
where β1 = 6αf , β2 = 2αg and β3 = 4
√
αfαg, with
αf and αg given by (20). These couplings vanish in the
teleparallel gauge, wherein the gauge curvature of the
Lorentz transformation is set to zero, Ωab = 0. Here
they appear as post-Lorentzian curvature that is due to
the coupling of two distinct translational gauge fields, the
spatial and the special, via the rotational curvature. The
interaction can thus be seen as an inertial effect5.
5 Starting from the bigravity side, conformality has been looked for
[20, 21]. It has been also pointed out that bimetric [22] cosmology
(23) is (Q)CD [23] in the sky [24].
TIME
Let us now consider the quadratic theory (18) instead
in the teleparallel gauge where the total curvature van-
ishes6.
In the two displacement sectors of the geometry, T
and S, we can define the torsion T ρµν = −T ρνµ, its
vector component T Vµ = T
ρ
µρ = −T ρρµ, axial compo-
nent TAµ , superpotential T˜
ρ
µν = −T˜ ρνµ and contortion
ΓTρµν = −ΓTνµρ, respectively, as follows:
Tρµν = Tρµν + 2qgρ[µκν] , (24a)
T Vµ = T Vµ − 3qκµ , TAµ =
1
6
ǫµνρσT νρσ , (24b)
ΓTρµν =
1
2
(Tρµν + Tνρµ − Tµνρ)− 2qgµ[νκρ] , (24c)
T˜ρµν = Γ
T
µρν + 2gρ[µT
v
ν] = T˜ρµν − 4qgρ[µκν] . (24d)
The curly symbols stand for the tensors in the Riemann-
Cartan geometry, and we have thus explicitly separated
the post-Poincare´ contributions. For the T -sector q = 1,
and the S-sector is obtained from the above by (T, T , q =
1) → (S,S, q = −1). With the superpotential prescrip-
tion of the Hodge dual for soldered bundles [25], the
quadratic combinations appearing in the Lagrangian (18)
correspond to
1
2
(
T˜ T
)
≡ 1
2
T˜ρµνT
ρµν =
1
2
T˜ T + 4qT Vµ κµ − 6κ2 , (25)
and so the (suitably normalised) action (18) can now be
written as
I
ΩA → 0
=
∫
d4V\h\\h\ (Fµα +Σµα) (F
µα +Σµα)
+
m2S
2
∫
d4V\f\\f\
(
SS˜ − 4 (2SV + 3κ) · κ)
+
m2T
2
∫
d4V\g\\g\
(
T T˜ + 4 (2T V − 3κ) · κ) .(26)
We have planted the dilatation curvature into the neutral
space for simplicity, and defined the field strength Fµα
and the antisymmetric tensor Σµα as
Fµα = ∂µκα − ∂ακµ , Σµβ = ηabθa[µσbβ] . (27)
For the present purposes, we choose the Deser - van
Nieuwenhuizen gauge condition Σµβ = 0.
The following gauge choice is now of a fundamental rel-
evance: κ2 = 0. That is, both of the metrics are aligned
with the gauge field of the dilatation,
fαβκ
ακβ = 0 , gµνκ
µκν = 0 . (28)
6 The ω → 0 gauge could perhaps be called the Weitzenbo¨ck frame
to distinguish from the teleparallel frame ΩA → 0. They coincide
if the gauge group is the Poincare´.
4This means that photons define the light cones for both of
the metrics. To elaborate on the interpretation, we have
not broken the gauge invariance of the theory, but rather
by setting (28) consider it in an intuitive gauge wherein
the conventional definitions of time are meaningful. In
this sense, κ2 = 0 is the equivalence principle in CAT.
In the symmetric theory, mS = mT , the doublet of
frame fields enjoys an exact exchange symmetry, except
that, remarkably, the couplings of the traces of the tor-
sions cancel each other. Up to anomalous, symmetry
breaking fluctuations then, we have θa = σa and the ac-
tion (26) becomes (teleparallel) General Relativity cou-
pled to Maxwell electrodynamics, ifmS = mT is adjusted
to the suitable ratio of the fine structure constant and the
Planck mass.
MATTER
The question arises what happens to the symmetry
when couplings are taken into account. Let us, to be
concrete, consider the gravitational coupling of a spinor
field [26] Ψ(xa) with the mass m. We can now consider
two projections of this field, Ψ(xα) and Φ(xµ), in the
two spacetimes spanned by σa and θa, respectively. The
Dirac equations are
i(1/σ)
α
aγ
a
(
∂α +
1
2
SVα −
3i
2
SAα γ
5
)
Ψ = mΨ ,(29a)
i(1/θ)
µ
aγ
a
(
∂µ +
1
2
T Vµ −
3i
2
TAµ γ
5
)
Φ = mΦ ,(29b)
where SAα and T
A
µ are the axial components of the tor-
sions. We can separate the post-Weitzenbo¨ckian piece of
the covariant derivative in the spinorial representation as
follows (with the exhange notation from (24) restored):
Dµ = ∂µ +
1
2
T Vµ −
3i
2
T Aµ +
3
2
qκµ = ∇µ + 3
2
qκµ . (30)
Note that in the Riemannian gauge, the connection ∇µ is
just the Christoffel symbol. We can thus identify Φ = Ψ−
as the antiparticle of Ψ = Ψ+, since, in the symmetric
case and in units where the electric charge is e = 3/2 we
have
iγµ (∇µ ± ieκµ)Ψ± = mΨ± . (31)
Taking into account that the axial term in the Fock-
Ivanenko derivative (30) is complex, the theory is com-
pletely Charge-Parity-Time symmetric. Though we
started with spinors in (29), it is straightforward to
reach the same conclusion for any other representation
of charged fields.
Leptons can arise due to breaking of the residual sym-
metry in aligning the dilatation vector κµ in the two
frames after setting (28). The stability group of a null
vector is SO(3), out of which we can now double-solder
the rest of the electroweak symmetry SU(2)×U(1).
Mesons and baryons reflect fluctuations that violate
Lorentz symmetry. In CAT, the immaculate spherical-
ity SO(4) within the Euclidean conformal group can be
bi-projected into SU(3). Because in order to form space-
time representations we have to pick three ”distance el-
ements” each from either the S-sector or the T -sector,
quarks come with the electric charge of ±e/3.
A more final formulation of the theory may be specified
by the canonical Lagrangian four-form:
1
2
Tr
(
F
2
)
=
1
2
Tr (GAGB)F
A ∧ ⋆FB = 1
2
hABF
A ∧ ⋆FB
= K ∧ ⋆K − 2Ω[ab] ∧ ⋆Ω[ab] − T a ∧ ⋆Sa . (32)
To contract indices of this four-form, one could introduce
the following metric:
Gµα = −1
4
hAB
(
ΛA
)a
µ
(
ΛB
)b
α
ηab
= −1
2
κµκα + 2ηa[cηd]bω
ab
µ ω
cd
α + hµα . (33)
Unlike with conventional solderings, the external theory
then retains gauge (and not only diffeomorphism) covari-
ance and the action its invariance under the change of the
internal group basis. In the teleparallel gauge and with
the identification of the photon (28), the inverse metric
that enters the action becomes
Gµα
ω → 0
= hµα +
1
2
κµκα . (34)
The first term is simply the conformally invariant, i.e.
electrically neutral, ”mixed metric”, whose Einstein-
Hilbert term indeed features in the canonical Lagrangian
(32). The photon term contracts to zero with any metric,
but is not totally innocuous. -This, and the details of our
scheme in the SU(2) and SU(3) sectors, will be discussed
elsewhere.
CAT invites us to accept a more elastic concept of
reality. We may now understand why the same parti-
cle is responsible for our abstract concept of time and
our visual experience, and the connection between the
Wigner’s problem and the fine-tuning required for the
cosmological initial conditions. Spacetime singularities
and horizons can be taken seriously as features of solu-
tions that are extendable beyond the breaking points of
the condition (28), ”outside” spacetime. We believe the
implied conflict with unitarity is removed together with
the observer-independent extrapolations of the notions of
time and information.
The nature of physics as the ultimate science of the
observer is disclosing.
∗ Electronic address: tomik@astro.uio.no
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